Abstract. This paper studies the spectrum of continuous refinement operators and relates their spectral properties with the solutions of the corresponding continuous refinement equations.
Introduction
This paper studies the spectral properties of the operator W c : The simplest continuous refinement equation is one in which the kernel c = The up function has interesting properties and important applications, and has been extensively studied by Russian mathematicians (see the survey articles [9] , [10] ). The up function corresponding to a dilation constant α > 1 and the kernel has also been studied independently by Kabaya and Iri [7] , [8] . In [8] they gave a complete description of the spectrum of the corresponding refinement operator W c restricted to the space
Recently, more general continuous refinement equations have been studied in conjunction with nonstationary subdivision processes and nonstationary multiresolution analyses (see [3] , [2] , [4] , [5] ). In this connection, one is interested in the existence and properties of the solution of (1.2) for a compactly supported kernel c ∈ L p (R), and also in the convergence of the power iteration W n c φ 0 . The operator W c is related to the adjoint of the continuous subdivision operator.
The convergence of the power iteration depends on the spectral radius of the refinement operator and is related to the existence and uniqueness of the solution of the continuous refinement equation. The object of this paper is to study the relationship between the spectrum of W c on one hand and the existence and uniqueness of the solution of the continuous refinement equation (1.2) and its properties on the other. We shall assume throughout this paper that c is compactly supported with supp(c) ⊂ [−a, a], and, unless otherwise stated, c ∈ L 1 (R). In general a depends on the dilation constant α. We are interested in the compactly supported solution of the equation (1.2) and since it is an eigenfunction of W c , we are led to consider the restriction of the operator to a subspace L 
a condition which we shall assume throughout the paper. Note that, in general, a depends on α. The restriction of W c to L p K will be denoted by W c,K . Thus
In §2 we show that these operators are bounded and that W c,K is compact. The compactness of the operator W c,K is exploited to obtain its spectral properties. The main results are contained in §3. It is shown that if the kernel c ∈ L 1 (R) is compactly supported and normalized so thatĉ(0) = 1, then the spectrum of W c,K is precisely the set
and all the nonzero elements in the spectrum are simple eigenvalues of W c,K . These results extend those in [8] to a general kernel c and to continuous refinement operators on L p K for 1 ≤ p ≤ ∞. Further, the method here is simpler and more general, and using the same method the results can be further extended to the multivariate setting.
It follows from the spectral properties of W c,K that the continuous refinement equation (1.2) has a unique solution if and only ifĉ(0) = 1, and the power iteration W n c,K φ 0 converges to the solution for any normalized initial function φ 0 . Further, the solution is infinitely differentiable. The adjoint operator W * c is related to the continuous subdivision operator (see [4] ). It is studied in §4.
We remark that our results on the solution of the continuous refinement equation and the convergence of the power iteration of the continuous refinement operator and the continuous subdivision operator are obtained via the spectral properties of W c,K without recourse to the Paley-Wiener theorem. In one-dimension they are more general than most of the results in [4] and [3] . We also remark that our approach depends on the fact that W c has an invariant subspace consisting of functions with supports in a compact set. This property is not available for the continuous subdivision operator.
The operators W c and W c,K
The operator W c , and hence W c,K , can be expressed as a convolution-dilation operator,
Taking the Fourier transforms of the functions in (2.1), it is equivalent to
, and
and
Hence, W c is bounded and (2.3) holds.
It follows from Proposition 2.1 that W c,K is also a bounded linear operator on L p K . We shall show that W c,K is a compact operator.
Proof. The relations (2.6) and (2.7) are well-known (see [1] ). To prove (2.8), note that
Applying Fubini's Theorem a straightforward calculation gives (2.8).
By (2.7), for any ε > 0, there exists a δ > 0, such that
A similar argument as above shows that
In this section we give a complete description of the spectrum of the compact operator W c,K , and deduce properties of the solutions of the continuous refinement equation from the spectral properties of 
, u ∈ R, for some analytic function g with g(0) = 0. Equation (3.1) becomeŝ
.
It follows thatĉ
(u/α)g(u/α) = α k λg(u).
Taking the limit as u → 0 in the above equation, we obtain g(0) = α k λg(0). Therefore α k λ = 1, and hence λ = 1/α k , as desired.
Proposition 3.1. Suppose thatĉ(0) = 1, and let k be a nonnegative integer. If
Consequently, any nonzero eigenvalue of W c,K is simple.
Proof. Let j be the smallest nonnegative integer such thatφ (j) (0) = 0. Thenφ can be written asφ(u) = u j g(u), u ∈ R, where g is an analytic function with g(0) = 0.
Taking the Fourier transforms of the functions on both sides of φ 1 = (W c,K − 1/α k )φ leads tô 
, and by what has been just proved, we must have ψ = 0. It follows that ϕ = tφ. Therefore, the eigenvalue 1/α k is simple.
Proof. For k = 0, 1, 2, . . . , let
By the assumption on φ 0 , we haveφ 0 (u) = u k g(u), u ∈ R, for some analytic function g with g(0) = 0. Hencê
It follows thatψ(0) = · · · =ψ (k) (0) = 0. In other words, ψ ∈ N k+1 . From (3.4) we see that there exist constants C > 0 and r, 0 < r < 1, such that
The nonzero elements of σ p (W c,K ) are simple eigenvalues of W c,K . Further, 0 is not an eigenvalue of W c,K .
Proof. The result (3.5) and the simplicity of the eigenvalues follow from Lemma 3.1, Proposition 3.1 and Theorem 3.1.
To show that 0 is not an eigenvalue of
Sinceĉ is entire andĉ(0) = 1, there is a positive number δ such thatĉ(z) = 0 for all |z| < δ. Hence,f (z) = 0 for all |z| < δ. It follows thatf = 0, and hence f = 0. Therefore, 0 is not an eigenvalue of W c,K . Proof. Taking the Fourier transforms of the functions on both sides of the equation
Sinceφ(0) = 1, this shows that n j=1ĉ (u/α j ) converges toφ(u) for each u ∈ R.
Let ϕ be an eigenfunction of W c,K corresponding to the eigenvalue 1/α k . By Proposition 3.1,φ(u) = u k g(u), u ∈ R, for some analytic function g with g(0) = 0.
Taking the limit as n → ∞ giveŝ
Hence the k-order derivative φ (k) of φ exists and ϕ = tϕ (k) for some t ∈ C. Since this holds for all k = 0, 1, . . . , it follows that φ ∈ C ∞ (R). Note that if φ 0 is continuous and supp(φ 0 ) ⊂ [−K, K], then φ n is continuous and supp(φ n ) ⊂ [−l n , l n ], for n = 1, 2, . . . , where
4. The adjoint W * cK and the continuous subdivision operator A spectral radius formula for r q (W * c ) is derived in [6] . Note that L The nonzero elements of the spectrum are simple eigenvalues of W * c,K .
